The usual composition rule of independent systems, as applied to decoherent histories or to linearly positive histories, requires (at least) medium decoherence and, consequently, a second constraint for the linearly positive histories of Goldstein and Page. Other plausible classical features, valid for medium decoherence, seem anyhow to be missed by linear positive histories. *
Introduction. The issue of assigning probabilities to sequences of quantum events consistently, without referring to the collapses of von Neumann, has promoted a series of ideas. Among them, the theory of consistent (in a broad sense) histories has developed numerous conditions of decoherence [1, 2, 3, 4, 5] . In the first part, we show that weak decoherence [3] may contradict to the usual composition rule of independent systems. At least medium decoherence [3] must be imposed to remove the issue. For the same reason, linearly positive histories of Goldstein and Page [6] claiming to generalize decoherent histories need an additional strong constraint. In the second part, we shall propose a new criterion of dynamical classicality. It holds for decoherent histories while it may question the robust generalization of decoherence proposed by Goldstein and Page.
Histories, probabilities. Histories are usually defined by a time-ordered sequence of events:
along with a Heisenberg state ρ, where P α k (t k ) are exhaustive and exclusive sets of hermitian projectors assigned to time t k for each k = 1, . . . , n in turn.
In the theory of decoherent histories, one defines the decoherence functional
where <> ρ stands for expectation values in quantum state with density operator ρ. Weak decoherence imposes the condition
and the following probability is assigned to each history of the decohering family:
In the proposal of Goldstein and Page [6] , the expectation value of the class operator (1) itself is introduced:
and the following condition is imposed on it:
Then C α 's generate a family of linearly positive histories, each history has the following probability:
Goldstein and Page have proved that weakly decohering families form a subset of all linearly positive families, and also the probability assignment (7) becomes identical with (4) for them. Linear positivity has been claimed a robust generalization of weak decoherence.
Test of composition rule. Assume two independent quantum systems A and B with density operators ρ A , ρ B , respectively. Let us assume that the class operators C A α , C B β generate separate families of weakly decohering histories for A and B respectively. In ordinary quantum theory a trivial composition of two independent systems is always possible. In our case the composed system's density operator is the direct product ρ A ⊗ ρ B . It is plausible to expect that the class operators {C A α ⊗ C B β } will generate a family of weakly decoherent histories for the composed system. This latter's decoherence functional factorizes; in obvious notations this reads:
It is easy to see that the weak decoherence condition (3) for the separate systems A and B does not imply the fulfilment of the same condition for the composed system. To this end, on should replace the weak decoherence (3) by the stronger medium decoherence condition:
For medium decoherence the expected composition rule of histories of independent systems becomes valid. Quite the same reasons warn that the positivity condition of Goldstein and Page is insufficient. The expectation value (5) of the composed system's class operator factorizes:
The positivity (6) of π A α and π B β does not assure the positivity of π AB αβ . It is straightforward to replace the positivity condition (6) by the much stronger one:
In the remaining part, we mean this "medium" version when speaking about linearly positive histories. Test of dynamical classicality. Assume some external forces leading to the following change of the Hamiltonian:
where the λ's are real coupling constants. This interaction influences any dynamical variable O via the Heisenberg equation of motion dO/dt = i[δH, O].
In the general case, the interaction Hamiltonian (12) does not commute with all projectors a history is made of, c.f. Eq.(1). If, however, the history belongs to a decohering (or, alternatively, linearly positive) family, then all projectors the given history is made of are thought to have definite c-number values 0 or 1. On a particular subspace, the history projectors acts as cnumbers and they are expected to commute with the Hamiltonian (12). So, dynamical classicality of decohering (linearly positive) histories might require their invariance against the perturbation by the interaction (12). We are going to show that this invariance holds for decohering histories and fails for linearly positive ones. For simplicity, we assume that only one interaction term on the R.H.S. of Eq. (12) has been switched on, say at t = t k , 1 < k < n. Let us introduce the unitary operator corresponding to the interaction:
According to Heisenberg dynamics, the class operators (1) become different:
The decoherence functional (2) takes modified form:
(15) while the expectation value (5) of the class operator itself changes for
From the medium decoherence condition (9) [but not from the weak one (3)], it is easy to prove that the expression (15) reduces to (2), i.e., decoherent histories are really invariant against the external perturbations (12). Such invariance is hardly possible to prove for linearly positive histories: even the medium constraints (11) may well be violated by the Eq. (16). Conclusion. We have shown that the complex decoherence functional must be diagonal since the diagonality of its real part in itself is insufficient to assign probabilities to quantum histories in a consistent way. Similarly, the conditions for linearly positive histories, assumed to generalize weak decoherence, must be much more restrictive than it was thought earlier. We stated a certain new criterion of dynamical classicality which is admitted by medium decoherence and missed by linear positivity. Independently of the ultimate value of the new criterion, one finds medium decoherence more favorable than its extension to linearly positive histories. Medium decoherence is equivalent to von Neumann formalism, as emphasized in Ref. [7] ; in fact, this assures the ultimate consistency of decoherent histories. Nothing but von Neumann probabilities seem to exist. Any extension of them (weak decoherence, linear positivity) should be at least doubted and carefully tested.
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